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A LINEAR PROGRAMMING SOLUTION TO DYNAMIC 
LEONTIEF TYPE MODELS*1 

HARVEY M. WAGNERt 

Massachusetts Institute of Technology 

I. Formulation of the General Model 

Much research has been undertaken in the past several years on the uses of 
Leontief input-output matrices; applications have been made ranging from in- 
dustrial growth models to models of interregional dynamics to estimates of 
structural changes in the economy, [6, 7, 12, 16, 17, 18, 19, 21, 22, 24, 25]. This 
paper discusses a general linear programming formulation of Leontief type rela- 
tionships. Since we may construct models for a single firm analogous to Leontief 
macro-economic systems, our results are applicable to a wide variety of situations. 

We assume that for any time period t under consideration, we have a standard 
m dimensional square matrix of input-output flow coefficients (I - A), where 
the j-th column of A represents the inputs from each of m industries needed to 
produce a unit of the j-th industry's output and I denotes a unit or identity 
matrix with one's along the main diagonal and zeros elsewhere. We also have 
available an m dimensional square matrix B of capital coefficients, where the 
j-th colunm of B contains non-negative numbers representing the inputs from 
each industry needed to build an additional unit of capacity for the j-th industry. 
If m is large and therefore the amount of aggregation in B is small, certain rows 
of B may be composed entirely of zeros (indicating that some industries do not 
feed into any industry's building process); for this reason B-1 cannot be assumed 
to exist. 

We make use of the following additional vector notation-all vectors are m 
dimensional columns, each component referring to a particular one of the m 
industries, and the associated subscript denotes the relevant time period: 

ft = final demand, including drains for private and public consumption, 
and possibly exports. 

cl = initial capacity. 
Xt = level of production. 

It = level of capacity building. (Hence Blt are the direct requirements for 
the creation of It.) 

st= level of stockpiles at the end of period t. 
Ut = level of unused or surplus capacity. 
0 = column of zeros. 

* Received November, 1956. 
t The author is indebted to F. T. Moore, G. B. Dantzig, and H. Markowitz for their 

valuable suggestions. 
1 This paper is partially contained in A Linear Programming Solution to Dynamic Leon- 

tief Type Models, P-609, The RAND Corporation, 27 August 1954, 51 pp. 
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We consider an economy which may produce for final demand in a given 
period; build additional capacity, which is then available at all later periods; and 
create stockpiles, which can be used to meet intermediate or final demands or 
investment requirements in subsequent periods. The activities of the economy 
are to be examined over T time periods. 

Our general model can be formulated by a set of linear difference equations. 
We define Ft as the vector of goods which the economy requires in toto from the 
m industries in period t, not including interindustry flows2; then 

Ft = ft + Blt +s st-, = (I - A)Xt t = 1, 2, **, T 

(so = stockpiles at the beginning of t = 1) 
or 

(1) 0= (I-A)Xt- ftBlt-st + st-1 

Therefore [assuming (I - A)-' exists] 

0 = Xt + (I- A)- 
' 

ft-Blt - St + St-}i 

In any time period the capacity level vector Ct, t > 1, is the sum of the capac- 
ity level existing in the previous period and any increase in capacity undertaken 
in the previous period 

t-1 
(2) Ct = Ct-, + It-,or Ct=ci+1 1T t = 2,3, . ,T. 

7=1 

By definition, unused capacity in a period is the difference between available 
capacity and the capacity used up for production 

(3) 0= Xt+Ut - Ct t= 1, 2 *gT. 

Thus 
t- 1 

Because of the very nature of the economic activities in our model, we further 
require that 

(4) ft t Xt, lt, St, Ut, c1 > 0. 

The restriction (4) and the identity (3') imply that production may not exceed 
available capacity. 

Our system of equations implies the following relationship for il, provided 
that [(I - A)f1B + I]-' exists, 

(5) il = [(I - A) + B]'{[(ft+l - St) - (ft - st-1)] + Blt+1 + (st+l - st) 

+ [(I -A)-'B + I]-1[u+l -ut] 

2 The reader should note in the equations to follow that the terms IFt , Ift, Ist, Iut, 
etc., are abbreviated as Ft , ft, St , ut, etc.; in the linear programming tableaus below, 
the identity matrix I will appear explicitly. 
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It is evident from (5) that new capacity building in time t is complexly related 
to the levels of final demand, stockpiles, unused capacities, and new capacity 
building in adjacent periods. 

II. Feasibility Problems 

Suppose we assign certain fixed levels to a subset E of the variables in ft , Xt, 
, Ist ut , and cl3. We then might examine what we shall define as a feasibility 

problem, viz., can we determine levels for the remaining variables such that 
(1)-(4) are all satisfied. Equation (5) leads us to believe that we cannot easily 
attain a solution to the problem because of the intricate intertemporal connec- 
tions among the variables. For assistance we turn to an equivalent linear pro- 
gramming formulation of the model. 

The reader will have noted that all equations (1)-(3) are linear. With the 
additional restrictions (4), our model satisfies the standard form required for 
the application of linear programming, and we are therefore able to employ the 
simplex algorithm [la, 3, 5, 8, 13, 14, 26] to discover a feasible solution to the 
set of equations. Having decided upon certain non-negative values for the subset 
E in our equations, we bring all such constant terms to the left hand side and 
keep all the variables (whose values are as yet unknown) on the right hand side 
of each equation in (1) and (3'), enabling us to set up a simplex tableau. For 
example, letZ include cl, so, and ft for all t = 1, 2, * * , T; i.e., fix the levels of 
initial capacity, initial stockpiles, and final demand in all periods. Figure 1 gives 
a starting simplex tableau for our example. 

Across the top of the tableau we list as column headings all variables, grouped 
according to t, which are not inZ. Each line of symbols in the tableau represents 
one of the equations (1) and (3'), also grouped according to t. In the left hand 
column we place the relevant variables in E; in the columns to the right we 
write the coefficients of the variables such that the coefficients appear un(ler 
their proper headings. 

Note that each line of symbols in the tableau actually represents m separate 
linear equations, one for each industry in period t; hence our general model as 
pictured in Figure 1 has 2mT linear equations altogether. Similarly, each column 
heading represents a certain generic set of m activities, one for each industry in 
period t; thus in Figure 1 there are 4mT unknowns altogether. We may regard 
the entire tableau as a matrix equation Y = HZ, where in the tableau Y is the 
entire column on the left, H is the body of coefficients, and Z is the entire top 
sequence of column headings. By direct application of the simplex algorithm we 
solve our feasibility problem, i.e., we determine a feasible set of values for the 
4mT unknowns, provided such a set exists. 

An inspection of the model reveals that if c1 > (I - A)1lf, for all t, then feas- 
ibility is obviously possible by setting Xt = (I -A)-ft . Also if cl < (I -A)-1 
(i - so), then feasibility is not possible. The case representing a real problem 
is that in which the first period demand is feasible, but (I - A)-lft, exceeds 
initial capacity c1 for some t' > 1; it is here that the economy must be able either 

3 We consider any m dimensional vector rt as having m variables in it. 
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FIG. 1 
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to stockpile in earlier periods or to build capacity to meet the future require- 
ments of ft' . 

We, should observe that in a Leontief system it is not always possible to utilize 
capacity completely in every industry by high production levels. This fact is 
made obvious by considering an economy in which all capacity is being employed 
initially, stockpiles are zero, and then new capacity is suddenly created in one 
industry whose production depends on raw materials from other industrie s. The 
new capacity will go unused, for an increase in production in this industry requires 
inputs from other industries already operating at full capacity levels and with 
zero stockpiles. Thus for arbitrary cl, f* = (I - A)ci may not contain only 
non-negative elements. 

Finally we note that if in any period the m dimensional vector (st + ut) > 0, 
then final demand for any industry j may be increased by some amount in that 
period or in later periods (via stockpiles of j carried from period t); as a possible 
consequence of the increase, feasibility may be violated in subsequent periods 
because of the reassignment of stockpiles which were previously used elsewhere 
in the program. 

Up to this point, fixing the values of a subset E of the variables, all we have 
asked of our model is to demonstrate the existence of some feasible solution. We 
know from the theory of linear programming that if a feasible solution exists, 
it need not be unique. Therefore by defining a mathematical "objective function" 
over those variables not in 7, we can select among the set r of all feasible solu- 
tions one which is optimal with respect to our objective function; such an optimal 
solution itself need not be unique. 

We specify an n dimensional vector of constants K, where n is the number of 
variables not in Z. In Figure 1, n = 4mT; hence K = (kli, k2, * * * , k4mT). For 
convenience let us denote V = (v1 , V2 * * * , vn,) as the vector of those n variables 
not in J2. Then staying within the confines of linear programming, we define our 
objective function as the linear form 

n 

w = KV = Zkivi. 
i=l1 



238 HARVEY M. WAGNER 

From the set r we seek a solution to our model which maximizes or minimizes 
the value of w, whichever seems sensible in view of the particular problem. 

To illustrate, we may have a vector of manpower input figures which are 
associated with activities X, and It 

K = (Kr, 7 K12 7 0, K21 7K22, ?07 **.* KT1, KT2, 0), where each Kti is a row 
vector of m manpower figures for period t associated with either Xt (i = 1) or 
It (i = 2), and each 0 is a 2m dimensional row vector of zeros. A "best" or optimal 
solution may then be defined by 

T T 

minimize w = jKitXt + Z K2t lt r t=l i=1 

(Note that we are adopting the convention of dropping the terms for which a 
vi is multiplied by a corresponding 0 in K.) 

We may formulate other interesting problems by changing K, 7, and/or 
including new variables. For an example of varying E, suppose that economic 
planners desire a certain schedule of T vectors ft , starting at some future period 
t = 1, that so is known, but that c1 is not known at present. There is an associated 
cost with the creation of each unit of initial capacity; the planners' problem is 
to determine a vector c1 from all those in r which minimizes the cost of creating 
capacity. In setting up our equations (1)-(3) and the associated tableau, we 
must recall that only the fixed variables E in our model, in this case so and ft, 
will appear on the left. Thus c1 in equation (3) remains on the right hand side, 
giving us the tableau in Figure 2. 

Now K = (K1 0), and where K1 is a row vector of the m costs of creating initial 
capacities and 0 is a row vector of length 4mT; thus we are to 

minimize w = Kici. 
r 

As an illustration of adding new variables to our model, consider another 
economic planning problem in which minimal levels of consumption ft are desig- 
nated for T periods, but increases in consumption over the minimal levels are 
to be maximized in some sense. Let f* denote a vector of the m goods and, for 

FIG. 2 
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the sake of simplicity, assume ft = f* for all t. Suppose the planners specifically 
desire increases over the minimal ft by units of f*. We then redefine Ft to be 

Ft=ft + Blt + st-st-l + f*at where at _ O. 

Thus we have introduced new non-negative scalar variables at (t = 1, 2, * * , T) 
into our model; note that f* is analogous to (I - A) and B in that it is a (one 
column) matrix of constant coefficients. Letting our subset E be c1, so, and ft, 
we derive our tableau in the usual manner (Figure 3). 

The planners must now solve the difficult task of determining the components 
in the constant vector K. It is necessary for them to place a valuation on the 
relative worth of obtaining a unit of f* in t = 1, versus a unit in t = 2, versus a 
unit in t = 3, etc. We should realize that the requirement of having to decide 
the relative worth of units of f* in different time periods is not a weakness in the 
linear programming approach but is inherent in the problem itself. In many 
cases an increase in consumption at one period implies a decrease in the potential 
level of consumption in other periods because of the interrelations among the 
activities over time (recall equation (5)). By employing upper bounding and 
parametric programming techniques [4, 10, 11, 23], we may allow for (say) a 
monotonic decreasing valuation of units of f* in any one period and a "sensitivity 
analysis" on the actual chosen values for K. 

As a final point in the discussion of establishing feasibility in our model, note 
that we can always assure feasibility by introducing an m dimensional vector it 

of import variables, giving us 
Ft = ft + B1t + St t- -it . By allowing the activities it, we can obviously 

meet any set of feasibility requirements in our model by importing alone4. It is 
left to the reader, having defined z and K, to formulate some reasonable prob- 
lems using the above definition of Ft and to construct the corresponding tableaus. 

III. Rate of Substitution or Trade Off Problems 

We shall now consider a different type of question which might be answered 
by our model. Suppose we are interested in determining how much the level of 
one economic process can be raised from the resources freed by lowering the 
level of another process. For example, for a given future year T we may want 
to know now much additional petroleum can be obtained if the production of 
coal is cut by a ton, either in year T or in several preceding years. 

The problem of finding a rate of substitution between Leontief activities in 
a one period model is nearly trivial. The j-th column (say) of (I - A)-', which 
we shall denote by ,4j, indicates the total amount of resources from every industry 
needed for a unit of production for final demand of the j-th industry's good. 
Hence, if we postulate that production for final demand of good i is 
to be decreased, we know the amount of capacity freed in each industry; further, 
if we know that production for final demand of good k is to be increased, we 

4There is a resemblance between the r6le of it and the function in ordinary simplex 
tableaus of "artificial unit vectors" which are used for obtaining an initial solution [3, 281, 
also see [6]. 
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know how much capacity will be needed for each additional unit of this final 
demand. Let us denote the elements of (I -A)-' by mpq ; then 

p = minimump (mpi/mpk) indicates by how much final demand of good k can 
be increased upon giving up a unit of final demand of good i. (It is not true of 
course that I/p indicates by how much final demand of good i can be increased 
upon giving up a unit of final demand of good k.) 

An important qualification in all substitution problems is that the trade off 
found is only maximal provided that the available resources are solely those 
capacities freed by the decrease in a single industry's final demand. If other 
excess capacities or stockpiles exist in the economy, an even higher trade off 
may be possible. 

A more difficult rate of substitution to ascertain is one between activities in 
a multi-period model. Suppose at the economy's disposal are resources freed by 
a unit decrease in final demand (say) in the j-th industry; more specifically, the 
economy may allocate the vector of capacity given by 4j (defined above). 
(Depending on the problem, u,j may be made available for the first period only 
or for all or part of the periods under analysis.) In period T we wish to know the 
largest value some particular variable in our model can assume. Again, depending 
upon the problem, stockpiling activities may or may not be included in the 
model. 

For illustration, suppose we let so = ft = 0, cl = uj and this capacity is avail- 
able in the first period only. The equations for our model are then 

0 = (I-A)Xt-Blt-st + stI t= 1, 2, ** *,T (so =0) 

t-1 

cl = uj andCt = 1 t = 2,3, , T 
T 1 

0X ut + Ut-Ct t = 1,2, * *, T; thus 
t-1 

0 = X1+ul-cland0 =Xt+ut-E1 t = 2,3,**. ,T. 
T= 1 

Our simplex tableau is presented in Figure 4. 
We must now define K. If we wish to maximize the level of a single activity 

vi in period T, we let K = (0, 1, 0), where the scalar one appears in the position 
corresponding to vi and the zeros are vectors with entries corresponding to all 
vj, j 5 i. For example, if we wish to maximize a particular ending stockpile, 
say the ending stockpile of the first industry's good STl, the scalar one in the 
vector K appears in the {4m(T - 1) + 2m + 1 }-th place. w = KV = the actual 
value of the activity ST1 being maximized. The resulting maximum level S*T 

may be obtained by a program that concentrates on stockpiling throughout 
several periods and that does not undertake any capacity building; consequently 
in period "T + 1" there may not be enough capacity available such that the 
requirement (fT+1)1 = ST1 is feasible by direct production. If we are concerned 
with a sustainable level of production after period T, we might redefine K to 
maximize the total amount of new capacity created in the i-th industry by the 
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FIG. 4 
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end of the T-th period. In this case K = (0, 1, 0,1, ... , 0), where the scalar 
one appears in all positions corresponding in V to 1ti, the i-th component of 4, . 
If we wish to maximize the amount of new capacity in the first industry at the 
end of period T, one's would appear in positions m + 1, 5m + 1, 9m + 1, ... * 
4m(T - 1) + m + 1 of K. The optimal value of w = ET=i li indicates the 
maximum possible capacity which can be created in industry i from the use of 
the initially freed capacity,4j . 

In addition to determining a measure of the substitutibility between two 
economic processes over time, we might also formulate a notion of "comple- 
mentarity" with reference to a capacity criterion. Having given up a unit of 
final demand in the j-th industry in period 1, we may wish to determine whether 
the maximum value of w can be increased if a unit (or part thereof) of final 
demand from the k-th industry is also foregone. The answer to the question is 
given by multiplying a new column ,* in the tableau containing -,k in the proper 
period(s) by a vector ,B which is computed in the formal application of the 
revised simplex algorithm (see Appendix). The scalar value f,B*, which we call 
the "shadow price" of a unit of ,*, is a good indicator of whether or not w can 
be further increased if capacity in industry k is made available. 

IV. Further Comments on the General Model 

By now probably many extensions and modifications of the general model 
will have occurred to the reader. Such modifications might entail a Leontief 
input-output matrix with changing coefficients over time, provisions for ca- 
pacity depreciation, and variations in the value of T. 

One noteworthy field of application is the study of growth models. Leontief 
himself considers a "dynamic open system" comprised of differential equations 
that contain both input-output flow relationships and stock requirements, Chap- 
ter 3, [22]. Specifying a certain set of polynomials to indicate the course of final 
demand, Leontief solves the system explicitly for the functions which yield time 
paths of output in all industries. Two difficulties arise in the approach: First, 
the solution of the system partly depends upon observing data for a time period 
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in which capacity is assumed to be utilized fully in all industries. Second, the 
solution may call for a reversal of certain economic processes, i.e., for a decu- 
mulation of capital stock (rather than the appearance of idle capacity). To 
overcome the latter problem, Leontief proposes a somewhat complex technique 
of depicting an industry as being in one of several phases depending partly on 
whether the industry's output is increasing or decreasing. The introduction 
of phases is employed to eliminate any tendencies toward unrealistic decumu- 
lation. 

Although the linear programming model proposed in this paper does not yield 
an analytical solution for the equations of industry output over time, it does in- 
dicate a numerical solution. Furthermore it makes no assumptions about full 
utilization of capacity in any initial period and "automatically" prohibits de- 
struction of capacity (other than that which might be built into the model to 
represent normal depreciation). 

V. An Abbreviated System 

The examples of the model presented in this paper have led to linear program- 
ming tableaus containing 2mT equations and approximately 4mT unknowns. 
The equations have been of two types, those representing production-demand 
relationships and those representing production-capacity restrictions. We shall 
now explore the possibility of reducing the system to one containing only mT 
equations in 3mT unknowns, and hence one that is computationally easier to 
handle than the larger model5 [10, 11]. 

By rearranging terms in equations (1) and (3') we can write our model as 

(1*) ft = (I-A)Xt-Blt-st + st-I 
t-1 

(3*) Cl Xt E IT + yt 7 

We multiply (3*) by -(I - A) and add it to (1*) obtaining 
t-1 

(1**) ft -(I -A)cl =-Blt- St + St-l + E(I -A)IT- (I -A)ut. 

Note that we need not assume (I -A)-' exists and consequently need not 
compute it. The legitimacy of the multiplication is dependent upon (I - A) 
being an m dimensional square matrix; the economic interpretation of this condi- 
tion is that the model assumes a unique production activity for each industry. 

If we define our set E of fixed quantities to be cl, so, and ft, we may exhibit 
a tableau of equations (1**) and (3*) as in Figure 5. The reader should be aware 
that the model in Figure 5 is mathematically equivalent to that in Figure 1. 

The first set of equations for each period t in Figure 5 explicitly contains all 
the variables in the system except Xt. We might attempt to find a solution to 
the entire problem by using only the first set of equations in each period, a pro- 

5 It is commonly held that the amount of computation in a simplex calculation is nearly 
proportional to the cube of the number of equations in the tableau. 
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cedure which yields an abbreviated model of mT equations in 3mT unknowns. 
If the coefficients of Xt in K are not all zeros, we must also explicitly eliminate 
the Xt in the objective function; we defer the discussion of this operation to the 
Appendix. The mathematical "error" in considering the subset of equations is 
that the restriction Xt _ 0 is no longer observed in finding the solution. Hence 
by allowing the model to attach any sign to a component of Xt, we may obtain 
a larger maximum value (or smaller minimum value) for w in the abbreviated 
system than would be obtained in the larger and more restrictive system. If the 
maximal solution to the abbreviated system when substituted in (3*) yields all 
Xt _ 0, then by definition this solution is feasible in the general model; it is 
therefore optimal, since maximal w in the entire system < maximal w in the 
abbreviated system. 

From the very nature of the problems which have been posed, we expect that 
most Xtj will turn out to be non-negative. A negative component Xtj implies 
that the input-output production relation in industry j is reversed in period t, 
so that Xtj becomes the input and A jXtj (A j being the j-th column of A) becomes 
the output. We discuss in the Appendix a general algorithm involving the dual 
problem for proceeding from an optimal solution in the abbreviated system to 
an optimal feasible solution in the entire system [lb, 9, 10, 14, 27]. Since we have 
good reasons to believe only a few negative Xtj will arise, we may anticipate 
that the dual simplex algorithm will lead us rapidly to an optimal feasible solu- 
tion for the entire system. The computational savings due to utilizing the 
abbreviated system should more than offset the inconvenience of having to 
switch at the end to the dual algorithm. Furthermore, as we shall presently 
demonstrate, it is sometimes possible to remove resulting infeasibilities in the 
entire model by simple and obvious alterations of the abbreviated solution 
without concomitantly changing the optimal value of w found for the abbreviated 
model. 

We shall consider here a case in which the value of the abbreviated system is 
known a priori to be correct: We assume so = 0, and that the objective function 
w to be maximized (or minimized) has zero coefficients for all Xt and ut, and 
for all st, , t' < T. The assumptions about w are not too restrictive; as the 
examples of this paper have illustrated, we are not often primarily interested in 
the rates of production, slack capacity, or intermediate stockpiles, and conse- 
quently ki = 0 for these variables. Suppose we have solved a particular abbre- 
viated system, and it has turned out that a single component of Xt*, say Xt*i, 
is negative. Since we are dealing with a Leontief input-output model in which 
there exists only one activity which produces the i-th industry's good, an input 
of the i-th good, implied by the negativity of Xt*i, must come from an existing 
stockpile of the i-th good and not from any production in period t*. The stock- 
pile has only one possible origin (under our assumptions): it must have been 
created by production during previous periods in the model. 

The correctness of the value of w, despite the fact that Xt*i is negative, can 
be explained as follows. The abbreviated model has used a "shorthand" way of 
storing raw materials. In period t* the model indicated using the vector of inputs 
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of industry i's product in the amount equal to AX*i as raw materials for other 
industries' production. Instead of storing these raw material inputs in the earlier 
periods when they became available, the model embodied them in the form of 
the i-th industry's product and in period t* reversed the productive process. 
Since the stockpile used in t* was actually produced earlier (so = 0), one may 
easily translate the "shorthand" program of the abbreviated system to not pro- 
duce the stockpile of the i-th industry's good in previous periods but rather to 
save the inputs for use in t*. The translation, which only alters Xt, us, St,, 
t' < T, has no effect on the value of the objective function, and the translated 
system is therefore both feasible and optimal (as indicated above) in the entire 
system. 

The previous argument for the correctness of w generalizes for the abbreviated 
program in which more than one Xti is negative, for the assumption so = 0 
implies the model is completely "closed," i.e., all inputs and outputs must be 
produced during some t; actually removing the several negative Xti may entail 
using a method such as the dual simplex algorithm given in the Appendix. 

To illustrate our discussion, we present a numerical example in which the value 
of the maximizing form in the abbreviated system turns out to be correct, but 
in which the abbreviated solution contains a "shorthand" way of storing raw 
materials. The model is interesting from several points of view: production is 
lagged by one period [i.e., (I - A) is split such that the inputs -AXt occur in 
period t, and the outputs IXt appear in period t + 1); the input matrix A is 
singular; and initial stocks exist, implying that we cannot be certain a priori 
that the value of the objective function in the abbreviated system will be correct. 

The model contains three industries-motor, steel, and tool-with initial 
capacities of 20, 42, and 6 and initial stocks of 60, 84, and 6, respectively. For 
ten periods after the first, 12 motors are allocated to final demand; at the tenth 
period after the first, the level of motor stockpiles is to be maximized. Figures 6 
and 7 give the tableau for the model, K, and the model's coefficients. 

The solution of the abbreviated system containing 34 equations appears in 
Table 1; Table 2 presents the levels of Xt which are found by solving the second 
set of equations in Figure 6 (or equivalently, equation (3)), given the values in 
Table 1. (The numbers in the tables are rounded.) 

The abbreviated solution when extended to the entire system turns out to be 
infeasible, since tool production in the 9th period is operating at a level of -9. 
Inspection of tool production before the 9th period reveals that in the 7th and 
8th periods tools were being produced at the rate of 6 per period. Of the 6 pro- 
duced in the 7th period, 3 went into stockpiles, which is indicated by the level of 
stockpiles existing at the end of the 8th period. Of the 6 produced in the 8th 
period, all 6 went into stockpiles, which is indicated by the additional 6 to the 
previous stockpile of 3, giving a total stockpile of 9 tools at the end of the 9th 
period. It is in the 9th period that the tool building activity is at a level of -9; 
this implies that the "input" for running this activity is drawn from the stock- 
pile of tools existing at the beginning of the 10th period, i.e., from the stockpile 
carried over from the 9th period (because of the one period production lag). 
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FIG. 7 
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Tool 6 1 1 

Motor 12 1 1 
fi Steel 0 1 1 

Tool 0 1 1 

Motor 20 -1 
Ci Steel 42 -1 

Tool 6 -1 

2~~~ 

ft f' = ( 0) for all t. 
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TABLE 1 

it St ut 
P erio d _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ - _ _ _ _ _ _ _ _ 

Motor Steel Tool Motor Steel Tool ( Motor Steel Tool 

Initial 60 84 6 20 42 6 
1 2 60 47 
2 2 68 49 
3 2 78 48 
4 2 90 44 
5 2 104 38 
6 2 120 29 
7 2 138 17 
8 1 158 3 3 
9 180 7 9 15 

10 203 6 
11 226 42 

Max. stock of motors: 226 

Hence we do not destroy feasibility, nor do we change the stock of motors exist- 
ing at the end of period 11, if we unschedule production of tools in the 7th period 
by the amount 3 and in the 8th period by the amount 6; this means that tool 
stockpiles at the end of the 8th and 9th periods become 0, and unused capacity 
in the tool industry rises to 3 and 6 in the 7th and 8th periods. Referring to the 
tool production activity in Figure 7, we can calculate that the addition to steel 
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TABLE 2 

Xi 
Period 

Motor Steel Tool 

1 20 42 6 
2 22 42 6 
3 24 42 6 
4 26 42 6 
5 28 42 6 
6 30 42 6 
7 32 42 6 
8 34 42 6 
9 35 42 -9 

10 35 42 

TABLE 3 

It St Ut 
Period 

Motor Steel Tool Motor Steel Tool Motor Steel Tool 

Initial 60 84 6 20 42 6 
1 2 60 47 
2 2 68 49 
3 2 78 48 
4 2 90 44 
5 2 104 38 
6 2 120 29 
7 2 138 20 3 
8 1 158 14 6 
9 180 7 6 

10 203 6 
11 226- 42 

Max. stock of motors: 226 

stockpiles (the only input used in producing tools) at the end of the 7th period 
will be (1.2)3 - 3; the addition to steel stockpiles at the end of the 8th period 
(which includes the addition from the 7th period) will be (1.2)3 + (1.2)6 11. 
The "output" of steel generated by -9 units of tools in period 9, viz. 9(1.2) - 11, 
will now be supplied by the new additions to the steel stockpile. Hence we set 
the level of tool production at 0 in the 9th period, which also reduces surplus 
capacity to 6 in the tool industry in that period. The entire set of transactions 
are summarized in Tables 3 and 4, giving a program which is now feasible and 
optimal for the entire model. 

VI. Summary 

We have illustrated a dynamic programming model which may be applied at 
either the macro- or micro-economic level, and which characteristically embodies 
Leontief type production, construction, and storage activities over a finite num- 
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TABLE 4 

Period 
xi 

Motor Steel Tool 

1 20 42 6 
2 22 42 6 
3 24 42 6 
4 26 42 6 
5 28 42 6 
6 30 42 6 
7 32 42 3 
8 34 42 
9 35 42 

10 35 42 

ber of time periods. We have solved the problem of obtaining some feasible 
schedule to a certain set of fixed requirements for the system by adopting a 
linear programming framework. Attempting to use the full power of linear pro- 
gramming techniques, we have formulated various "objective functions," which, 
if properly defined and then optimized, select from all feasible schedules one 
which minimizes costs, maximizes profits, or alternatively maximizes a stock, 
a capacity, a consumption vector, or an intertemporal trade off between several 
activities. 

It has been convenient for expository purposes to consider a model comprised 
of two different types of equations; for computational purposes we have sug- 
gested a seemingly efficient variant on the model in which the number of equa- 
tions is reduced by half. Under certain assumptions we know a priori that the 
optimal value of the abbreviated system's objective form is correct. In some cases, 
we find the actual solution to this abbreviated system also turns out to be a 
solution to the general model (after one determines the levels of the variables 
omitted in the abbreviated system); in other cases we are able to eliminate cer- 
tain apparent infeasibilities in our trial solution by very simple manipulations. 
We treat the general problem of going from the complete model to the abbre- 
viated system and back again by the dual simplex algorithm, which is given in 
the Appendix. 

VII. Appendix 

Since the computational suggestions dealing with the abbreviated system are 
based on the notion of secondary constraints and the dual simplex algorithm 
[9, 10, 11, 20, 26], we shall only sketch here an outline of the manipulations in- 
volved and refer the reader to the primary articles for detailed and complete 
derivations of our methods. We assume we have defined z such as to give us 
the general model in Figure 5. 

Step 1. Removal of the secondary constraints. We find it convenient to rearrange 
the variables in Figure 5 so that X1, X2, * * *, XT become the final set of mT 
variables; we also regroup the equations so that all the production-demand 
equations (1**) are in the first set and all the production-capacity equations 
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(3*) are in the second set. As a result, we may picture our entire new tableau as 
the matrix equation 

(6)~~~ (M1 O)(l 
(b1\ (6)A21/b! 

where the matrices Mi are mT by 3mT, and the matrices 0 and I are mT by mT; 
we wish to maximize 

w = (K1 K2) } 
X2/ 

subject to equation (6) and xi, x2 > 0. The equations in the abbreviated system 
are then Mix, = bi . 

We shall find it useful later to represent our problem in the equivalent form 

X2 

(7) (P1 P2 ... P4mT)X = b, x > 0, maximize w = (k1 k2 ... k4mT) 

X4mT 

Step 2. Alteration of the objectivefunction. From (6) we have 

(8) X2 = b2 - M2x1 e 

Given that we desire to maximize 

w = (K1 K2) (0l 
X2/ 

by utilizing (8) we can also write the objective function as maximize 
w = (K1 - K2M2)xl + K2b2 . Since the term K2b2 is a constant and the expres- 
sion does not explicitly contain x2, we define our objective function for the ab- 
breviated system as maximize w* = (K1 - K2M2)xl = Cxl; thus maximal w 
in the abbreviated system = maximal w* + K2b2 . 

Step 3. Optimal solution to the abbreviated system. By any standard simplex 
algorithm [la, 3, 5, 8, 13, 15, 26] we solve the abbreviated system, thereby ob- 
taining some basic solution. Without any loss of generality, let us assume that 
the optimal basic variables are the first mT xi, that Si comprises the correspond- 
ing basis vectors, and that R1 denotes all remaining vectors; then we have found 
the optimal solution 

(Si Rl) (:) = bi, where xs = (Si)-lb, and XR 0-. 
XR 

As a by-product of the optimal solution, we obtain ,B* = (Cs)(S')-' (where 
Cs are the first mT coefficients in C) having the property 

(9) 1*(Ml) _ C. 
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Condition (9) has two important dual interpretations: first, it states that the "opti- 
mality criterion" for the maximal solution to the abbreviated system is satisfied; 
second, it implies that f* is a feasible solution to the dual problem for the abbre- 
viated system. 

Xs\ 
Step 4. Corresponding solution to the general system. Given xi = (),we solve 

\XR/ 

for x2 in (8). If x2 _ 0, it can be shown that we have derived an optimal feasible 
solution to the general system; 'but if some of the variables in x2 are negative, 
we then revert to the dual simplex algorithm. For the dual algorithm we need 

/xs\ 
an enlarged basis S and its inverse; to start, we let be the basic variables. 

\X2/ 

The corresponding basis is 

( i 0)and S- =()= ,where 52 iS the matrix 
(S2 I) (-S2S '0 I) | 

(J2mTJ 

of coefficients in the second set of equations associated with xs and vi is the i -th 
row of S-1. 

We define ,B as the vector by matrix product of the coefficients in K associated 
with the basic variables and S-'. A feasible solution to the dual problem requires 

(A3) 1M1 o\ 
(10) M ) > (K1 K2). 

Dual interpretations of (10) analogous to those for (9) hold for the general 
model. In addition to satisfying (10), the optimal dual solution must minimize 
fb; note that from our definition of 3, (b = w. 

We have at the first iteration of the dual algorithm f3a = (KsK2)S-' (where Ks 
are the first mT coefficients in K1). We can prove from (8) and (9) that O3a satis- 
fies (10). To ascertain whether we can "improve" our current value of fb, we 
employ a criterion analogous to that used in the ordinary simplex method; the 
criterion in turn implies Step 5 for our general system. 

Step 5. Dual algorithm selection of vector r to be removed from basis. 

minimum (xi) = xr < 0. 

Step 6. Dual algorithm selection of vector e to enter basis. 

minimum (Pi-ke) Pe-ke = > 0 
?rrpi < -0- P. -0r Pe 

If all uTPj > 0, then there does not exist a feasible solution to the general 
problem. The value of fb =w changes by xo40. (In Charnes' [3] version of the 
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original simplex method, the ratios are simply z1 - cj/-Xrj; also -rOe - 

(ze - c,)4. For resolution of tied values of 48-the degeneracy condition in the 
dual problem-see [2, 9, 20]). 

Step 7. Solution for the new basis. Having selected the vector to enter and the 
vector to leave the basis, we employ the standard computational techniques for 
finding the inverse of the new basis (or the new tableau), the associated solution 
x, and A. If x ? 0, we have obtained a basic feasible solution. The dual criterion 
in Step 6 assures that (10) remains satisfied; hence our new solution is also 
optimal. If some xi are still negative, we return to Step 5. 
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