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� Failure analytical model of reinforced
concrete under impact loading is
developed.

� Experiments of projectile perforation
of reinforced concrete slabs were
performed.

� Results predicted by the analytical
model agreed closely with
experimental data.

� Effects of analytical model
parameters on perforation
performance were discussed.
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a b s t r a c t

A failure analytical model was developed to assess the characteristics of reinforced concrete slabs under
oblique perforation by a rigid projectile in three stages: initial cratering, tunneling and shear plugging.
The energy dissipation for the initial cratering and tunneling was obtained by integrating the axial resis-
tance force along the penetration direction, and for shear plugging using a new method considering the
reinforcement. Analytical expressions for the failure characteristics of reinforced concrete slabs were
obtained using energy methods. Projectile perforation experiments were conducted for thick concrete
and reinforced concretes slabs and the damage size was measured. The theoretical predictions closely
agreed with the experimental results and a parametric analysis of the slab failure characteristics were
also discussed.

� 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Concrete and reinforced concrete have been widely used in var-
ious defense and civil engineering fields for anti-impact protection
of structures, such as bridges, dams, and nuclear power plants,
against high dynamic impact loading [1–3]. Hence, understanding
the failure characteristics of a reinforced concrete slab under such
impact loading is crucial [4,5]. For example, several concrete frag-
ments that will cause serious secondary damage to the facilities
inside the protective structure will be generated on the rear face

of a reinforced concrete slab when a high-speed projectile perfo-
rates it [6–9]. Therefore, research into projectile penetration or
perforation of high-value buildings and structures has been receiv-
ing considerable attention.

Extensive experimental research on projectile penetration and
perforation of a concrete slab has been conducted over the last cen-
tury, and several penetration and perforation empirical formulas
have been obtained [10,11], such as the widely used Petry, ACE,
Barr (UKAEA), and NDRC formulas. Although many experiments
have been concerned with the penetration of reinforced concrete
slabs, the effect of reinforcing bars has been incorporated only in
some formulas, such as the Petry, Barr (UKAEA), and Boswell for-
mulas [12]. In particular, Forrestal et al. developed a rigid elastic
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dynamics model based on dynamic spherical and cylindrical cavity
expansion, which was successfully applied to the penetration of
concrete, rock, and soil mediums [13–18]. Based on the research
of Forrestal et al. [13,14], Chen and Li [19,20] subsequently pro-
posed two dimensionless parameters, projectile impact condition
and projectile geometry, to describe the process of a rigid projectile
penetrating into a concrete slab. Based on this, Chen et al. [21] fur-
ther proposed a model containing three-stage: initial cratering,
tunneling and shear plugging; thus, describing projectile perfora-
tion of a concrete slab.

Reinforcing bars significantly influence the integral penetration
resistance of reinforced concrete [17,20], as they provide geometric
constraints on the concrete being crushed, which may affect the
size and distribution of such plastic deformation zones. Reinforcing
bars also have similar constraints for concrete slabs subjected to
high dynamic impact loading. However, considering the effects of
reinforcing bars in theoretical modeling is a challenging problem.
Consequently, the reinforcing bars or their effect on the theoretical
penetration models of reinforced concrete slabs are not extensively
considered [13,22]. Approximation methods have been employed
by treating the reinforced concrete equivalent to only strength-
enhanced concrete or to sandwich structures of stacked concrete
and thin steel plates. However, only a few studies have considered
the specific effects of reinforcing bars on the penetration process
[23,24]. Luk and Forrestal [13,22] considered that reinforcing bars
prevented the radial crack expansion of concrete, however,
neglected the penetration resistance. Nevertheless, compared with
experiments, the results predicted by this model could produce a
difference up to 20%. Riera [25] suggested that the reinforcing bars
mainly contribute to improving tensile strength and thus the bal-
listic limit, even though such improvement was not reflected in
the formulas. Dancygier [26] further proposed a model that quan-
titatively described the effect of reinforcing bars on the penetration
resistance by using a reinforcement ratio. Chen et al. [24] consid-
ered the reinforcement ratio and tensile strength of the reinforcing
bars in their proposed model describing projectile penetration into
reinforced concrete.

Currently, most experiments on projectile perforation of rein-
forced concrete slabs focus on the residual velocity and the ballistic
limit for a given slab [5,16,22,25–29,7], under the perforation of a
projectile with normal incidence to the slab. For most experiments,
the initial impact kinetic energy of the projectile is limited.
Namely, the initial impact velocity is low for large projectile
masses, while the initial impact velocity is high for small projectile
masses. Few experiments have been reported for the scenario of a
high-speed projectile with large projectile mass. Moreover, most
slabs tested were small and thin [8,6]. Few experimental studies
focus on the height of the rear crater or on oblique perforation,
which is more likely in reality. The existing relatively successful
theoretical perforation models are limited to the scenario of con-
crete slabs with normal perforation [3,10,13,14,19], and these
models are only concerned with the ballistic limit or residual
velocity. Very few theoretical analyses have been conducted on
the damage of the rear face of concrete slabs or their oblique per-
foration [9,7]. Chen et al. [24] performed an analytical investigation
on the calculation of the residual thickness of normally perforated
slabs impact by a rigid projectile under the ballistic limit. However,
the prediction had large differences compared with the experimen-
tal results. Therefore, a reliable and effective theoretical model for
reinforced concrete slabs under oblique projectile penetration has
yet to be developed.

In this study, an theoretical model is developed to obtain the
failure characteristics of reinforced concrete slabs under impact
loading. The process of a rigid projectile perforation of a reinforced
concrete slab is divided into three stages, namely initial cratering,
tunneling and shear plugging that is consistent with Ref. [21], to

enable calculation of the total energy dissipated in the entire pro-
cess. The energy dissipation of the initial cratering and tunneling
stages are calculated by integrating the force displacement curve
according to the dynamic cavity expansion theory, where the force
is the sum of all the axial resistance forces along the projectile axis.
The energy dissipation of shear plugging was then calculated by a
newly proposed method considering the effect of reinforcing bars,
including the reinforcement ratio and tensile strength of the rein-
forcing bars. Thus, analytical expressions of the failure characteris-
tics of a reinforced concrete slab are obtained based on energy
conservation and the principle of minimum potential energy. Sim-
plified scenarios of the failure characteristics of a rigid projectile
oblique perforation of a reinforced concrete slab are discussed. Fur-
thermore, an analytical model for the failure characteristics of a
rigid projectile oblique perforation of a concrete slab, a rigid pro-
jectile normal perforation of a reinforced concrete slab and a rigid
projectile normal perforation of a concrete slab are developed.
Experimental results are reported for projectile perforation of thick
concrete and reinforced concrete slabs, where the magnitude of
damage was measured, including the thickness of the initial and
rear cratering, and the length of tunneling. Finally, the predicted
results are compared with the experimental data to verify the
validity of the present model, followed by discussions on the
effects of key model parameters, i.e., impact velocity, concrete
compressive strength and reinforcement ratio, on the failure char-
acteristics of a rigid projectile perforation of a reinforced concrete
slab.

2. Analytical model

Considering a rigid projectile with a weight ofM and a diameter
of d perforates a reinforced concrete slab (of thickness h) at an ini-
tial oblique angle g and velocity V0. Recht and Ispon [27,28] sug-
gested that the angle directional change is assumed to occur only
in the initial cratering stage due to the action of asymmetric resis-
tance. After the initial cratering stage, the projectile continues to
penetrate the reinforced concrete slab with a fixed angle and
deflection does not occur in the subsequent process. Fig. 1 shows
the general three-stage model [21] which is adopted herein for
the perforation of a concrete slab by a rigid projectile. In the crater-
ing stage, the projectile rotates, as well as penetrates into the tar-
get. The total angular change at the end of the initial cratering
stage is denoted as dmax, and the thickness of initial cratering is
kd,where k is a numerical value. Next, in the tunneling stage the
projectile translates in a straight line with a fixed angle, and the

Fig. 1. Three-stages of perforation of a thick concrete slab under oblique projectile
impact.
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tunneling diameter is consistent with that of the projectile. Finally,
the projectile enters the shear plugging stage. In this stage, a shear
plugging SABEF(thickness h

�) forms due to the shearing action of the
projectile on the concrete slab; the conical semi-angle on the left
and right is defined by c and w, respectively. The shear plugging
SABCD is for the special scenario of normal perforation, and its
semi-angle is h. The value of h[29–31] increases with the ratio of
compressive to tensile strength f c=f t. For plain concrete slabs the
value of h is usually around 60�. For the perforation of a reinforced
concrete slabs by a rigid projectile, the value of h and the residual
thickness (the height of the shear plugging) will slightly increase
and decrease, respectively, with increasing reinforcement ratio
and concrete compressive strength. The tunneling stage will be
absent when h is reduced to a certain value, and the initial crater-
ing stage will be immediately followed by the shear plugging stage
[7]. Hence, for thin slabs the perforation is divided into two-stages,
as shown in Fig. 2.

Projectile perforation of reinforced concrete slabs at oblique or
normal impact is a complicated nonlinear transient dynamic prob-
lem involving high pressure, high strain rate and large deformation
[32]. Concrete is a heterogeneous composite material with high
porosity, and several microcracks exist in its coarse aggregate
and mortar interface. These multi-scale properties have serious
influence on the mechanical properties of concrete. For reinforced
concrete its mechanical properties are even more complex,
because of the addition of reinforcing bars. Therefore, it is difficult
to accurately solve this problem using an analytical method as for
the perforation of metal material. Therefore, certain assumptions
are made to simplify this problem and to effectively analyze the
failure characteristics of reinforced concrete slabs subjected to pro-
jectile impact loading, as presented below:

(1) All material models satisfy the continuum mechanics
assumption;
(2) The deformation of the projectile does not occur during pen-
etration, i.e., the projectile is rigid;
(3) The energy dissipations associated with the following pro-
cesses are neglected: heat release during the penetration pro-
cess and the energy dissipations due to friction between
materials.
(4) Concrete is a brittle material with low tensile strength [33],
this causes the tensile stress wave generated by the stress wave
to be reflected on the rear face of the concrete slab and to easily
crush the concrete. Thus, the concrete fragments provide little
resistance to projectile penetration;
(5) The anti-penetration effect of reinforcing bars only play a
role in the shear plugging stage and there is no interaction
among the bars and the shear plugging [24].;

(6) The angle directional change is assumed to occur only in the
initial cratering stage due to the action of asymmetric resis-
tance [27,28]. In other stages, the projectile penetrates with a
fixed angle, and no deflection occurs in the process;
(7) The residual thickness is determined by the velocity compo-
nent perpendicular to the slab. The horizontal component only
changes the movement of the shear plugging.

2.1. Energy dissipation at each stage

The energy dissipation in the perforation process includes the
energy dissipation at the initial cratering stage, tunneling stage
and shear plugging stage. The energy dissipation of initial cratering
stage, E1, is the work done by the axial resistance forces on the pro-
jectile nose during the initial cratering stage; the energy dissipa-
tion of tunneling stage, E2, is the work done by the axial
resistance forces on the projectile nose during tunneling; and the
energy dissipation of shear plugging stage, E3, includes the shear
plugging formation E3C, tensile deformation of the reinforcing bars
E3R, and the kinetic energy of the shear plugging E3P. Therefore, the
total energy dissipation during a projectile perforation of a rein-
forced concrete slab can be expressed as

E ¼ E1 þ E2 þ E3 ð1Þ
where E2 is zero for the two-stage scenario in which h reduces to a
certain value. E3P is equal to zero for the ballistic limit scenario. For
the perforation scenario, E3P can be calculated using the velocity vb

and mass mb of the shear plugging.

E3P ¼ 1
2
mbv2

b ð2Þ

where the mass of the shear plugging can be obtained from its the
geometry.

mb ¼pqh� 3d2þ3dh� tancþ tanwð Þþ2h�2 tan2 cþ tan2w
� �h i

ð3Þ

2.2. Initial cratering stage

Traditionally, the study of projectile penetration into concrete
slabs has been divided into three areas of analysis: the destruction
area, the plastic deformation area and the elastic deformation area.
Most analysis methods were developed for solving the stresses at
the boundary of different areas without involving energy dissipa-
tion [11,13,14,19–21]. However, from the perspective of energy
dissipation, during a projectile’s penetration of concrete, the
energy dissipation occurs in the destruction and plastic deforma-
tion areas. The elastic strain energy is negligible compared with
the energy in the other two areas; and the elastic unloading would
make the problem more complicated. Hence, elastic strain energy
is ignored during the energy dissipation analysis. In spite of this,
it is also extremely difficult to directly obtain the energy dissipa-
tion of concrete in the destruction and plastic deformation areas.
However, according to the work-energy principle the energy dissi-
pation of the concrete is equivalent to the work done by the axial
resistance of the projectile in this stage.

For a penetration depth x, the angle directional change is
expressed as d, and the penetration depth along the projectile axial
direction is x= cos gþ dð Þ. The axial resistance force can be obtained
according to the dynamic cavity expansion theory during the initial
cratering stage [34]. Integrating the axial resistance force along the
penetration axial direction yields E1:

E1 ¼ R d
0

R x
0 c

x
cos gþdð Þ

1
cos gþdð Þdxþ x sin gþdð Þ

cos2 gþdð Þdd
� �

; x 2 0; kd½ � ðaÞ

E1 ¼ R d
0

R kd
0 c x

cos gþdð Þ
1

cos gþdð Þdxþ x sin gþdð Þ
cos2 gþdð Þdd

� �
; x 2 kd;þ1ð Þ ðbÞ

8><
>:

ð4ÞFig. 2. Two-stages of perforation of a thin concrete slab under oblique projectile
impact.

X. Xu et al. / Construction and Building Materials 223 (2019) 679–691 681



where c is the resistance constant, given by Ref. [34]:

c ¼ pd
4k

N�qV2
0 þ Sfc

� �
1þ pkd3

=4m
� �

N�q
� � ð5Þ

where q is the density of concrete, f c is the unconfined concrete
compressive strength, and k is a dimensionless parameter related
to the diameter of the projectile d and the length of the projectile
nose l. The value of k can be calculated using the expression
k ¼ 0:707þ l=dð Þ according to the slip-line field theory [20]. In Eq.
(5), the relationship between S and f c is described in detailed Refs.
[15,34,35], and N� is the nose shape factor which is described in
Refs. [15,19].

The energy dissipation in the first stage can be difficult to solve
because of the angle of directional change. However, its value must
take on a value between E1 ¼ 1

2
cx2

cos2 g and E1 ¼ 1
2

cx2
cos2 gþdmaxð Þ ; x 2 0; kd½ �,

or between E1 ¼ 1
2

c kdð Þ2
cos2 g and E1 ¼ 1

2
c kdð Þ2

cos2 gþdmaxð Þ ; x 2 kd;þ1ð Þ. An inter-

mediate value is adopted in this study to simplify calculations.

E1 ¼ 1
2

cx2
cos2 gþ0:5dmaxð Þ ; x 2 0; kd½ � ðaÞ

E1 ¼ 1
2

c kdð Þ2
cos2 gþ0:5dmaxð Þ ; x 2 kd;þ1ð Þ ðbÞ

8<
: ð6Þ

where the angle of directional dmax can be obtained using the kinetic
energy consumption normal to the submerging path [21].

dmax ¼ sing 1� V r
V0

� �2
; x 2 0; kd½ � ðaÞ

dmax ¼ kp singd3Sfc
4mV2

0
; x 2 kd;þ1ð Þ ðbÞ

8><
>: ð7Þ

where Vr is the residual velocity.

2.3. Tunneling stage

The calculation of energy dissipation for the tunneling stage is
similar to that for the initial cratering stage. Based on the energy
balance principle, the energy dissipation of concrete is equivalent
to the work done by the axial resistance of the projectile in this
stage. According to the dynamic cavity expansion theory [34],
the axial resistance force during the tunneling stage can be
calculated.

rr ¼ Asþ Bq0V
2 ð8Þ

where A and B are only related to the material properties of the slab
[18]. In Ref. [13], As ¼ Sfc and B ¼ 1 were adopted for concrete
material. Thus, the axial resistance force [13] is given by

F ¼ pd2

4
S f c þ N�qV2

1

� �
ð9Þ

Integrating the axial resistance force along the projectile axial
direction gives the energy dissipation in the second stage.

E2 ¼ 0; x 2 0; kd½ � ðaÞ
E2 ¼ R h�h�

cos gþdð Þ
kd

pd2
4 S f c þ N�qV2

1Þ
� �

; x 2 kd;þ1ð Þ ðbÞ

8<
: ð10Þ

2.4. Shear plugging stage

Based on assumption (5), the energy dissipation of shear plug-
ging stage includes the shear plugging formation, tensile deforma-
tion of the reinforcing bars and the kinetic energy of the shear
plugging. The failure stress of concrete during pure shear is
sf ¼ f c=

ffiffiffi
3

p
which is adopted in Ref. [24]. The main reason for

choosing this failure criterion is that the process of shear plugging
is very complex. Consideration of a more elaborate fracture crite-

rion would make the model much more complicated and difficult
to solve. The separation process between the shear plugging and
the concrete slab is shown in Fig. 3. According to assumption (7),
the residual thickness h� �xð Þ is caused by the velocity compo-
nent perpendicular to the slab; and the left and right horizontal
displacement of the shear plugging is caused by the horizontal
velocity component. Hence, they should hence satisfy the geomet-
ric relationship of velocity decomposition during the shear plug-
ging stage:

LEC ¼ LDF ¼ h� �xð Þ tan k ð11Þ
where k ¼ p

2 � g� d.
Karthik and Mander [36] obtained the failure strain of a rein-

forced concrete slab under impact loading:

�f ¼ 0:004þ 5�cc ð12Þ
where �cc is the maximum value of strain in the reinforced concrete
slab, and its value can be obtained from the peak concrete strain �c0.
The equations are �cc ¼ �c0 1þ 5 Kc � 1ð Þ½ � and �c0 ¼ 0:0015þ
f c MPað Þ=70000, in which Kc is a confinement ratio related to the
diameter and arrangement of the reinforcing bars and the value of
Kc is equal to 0 and 1.1 for concrete and reinforced concrete slabs,
respectively.

It is assumed that the limit compressed displacement during
the separation process between the shear plugging and the con-
crete slab is equivalent to the failure displacement of the shear
plugging xmax.

xmax ¼ �fh
� ð13Þ

The energy dissipation of concrete during shear plugging is
divided into two parts: the energy dissipation of the left section
E3C1 and right section E3C2, whose shapes are described by the
semi-oval convex platforms SAOO0E and SOBFO0 , respectively.

The circumference of the upper and lower surfaces of left sec-
tion can be obtained by the geometric shape of the shear plugging.
The lateral surface area of the left section can be approximated as
the product of the center line length and generatrix length. The
expression of the center line length of the left section is:

lcL ¼ 1
2
p dþ h� tan hþx tan hð Þ þ 2 h� �xð Þ tan k½ � ð14Þ

Thus, the energy dissipation of the left section, E3C1, is given by

E3C1 ¼ 1
2

Z xmax

0
sf lcL

h� �x
cos c

dx
cos c

ð15Þ

Similarly, the lateral surface area of the right section can be
approximated as the product of the center line length and the gen-
eratrix length. The expression for the center line length of the right
section is:

lcR ¼ 1
2
p dþ h� tan hþx tan hð Þ þ 2� pð Þ h� �xð Þ tan k½ � ð16Þ

Thus, the energy dissipation of the right section, E3C2, is given by

Fig. 3. The separation process between the shear plugging and concrete slab.
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E3C2 ¼ 1
2

Z xmax

0
sf lcR

h� �x
cosw

dx
cosw

ð17Þ

The equivalent stress parameters of shear plugging surface of

the left-side sL ¼ pf cffiffi
3

p
cos2 c

and right-side sR ¼ pf cffiffi
3

p
cos2 w

, the dimension-

less parameters I ¼ �f tan h� 1
3 tan h�3f ; J ¼ 1

3 �
3
f � �2f þ �f

� �
tan k, and

the length parameter B ¼ d�f � 1
2 d�

2
f

� �
are defined to simplify the

above complicated equations. Eqs. (15) and (17) leads to the
energy dissipation of concrete during the shear plugging:

E3C ¼ E3C1 þ E3C2

¼ 1
2
B sL þ sRð Þ þ 1

2
I sL þ sRð Þ þ J

2sL þ 2� pð ÞsR
p

� �	 

h�3 ð18Þ

The angles c and w can be obtained by the following method.
The left horizontal displacement of shear plugging is divided into
two parts:

LO0E ¼ LEC þ LCO0 ð19Þ
where LO0E and LCO0 can be obtained by the geometric relationship of
the shear plugging.

Substituting Eqs. (11) into Eqs. (19) gives

h� �xð Þ tan c ¼ h� �xð Þ tan kþ h� �xð Þ tan h ð20Þ
Thus, c ¼ arctan tan kþ tan hð Þ can be obtained by Eq. (20).

Similarly, for the right horizontal displacement of the shear
plugging, the following can be obtained:

LO0F ¼ LO0D � LDF ð21Þ
where LO0D and LDF can be obtained by the geometric relationship of
the shear plugging.

Substituting Eqs. (11) into Eq. (21) gives

h� �xð Þ tanw ¼ h� �xð Þ tan h� h� �xð Þ tan k ð22Þ
Thus, w ¼ arctan tan h� tan kð Þ can be obtained by Eq. (22).

The calculation process of the tensile failure energy of the rein-
forcing bars E3R is similar to that of the energy dissipation of the
shear plugging formation. Chen et al. [24] gave the reinforcing bars
tensile failure force. Based on this, the reinforcing bars tensile fail-
ure force of the left and right section can be expressed as:

FsL ¼ PLhqsf s sin c ðaÞ
FsR ¼ PRhqsf s sinw ðbÞ

�
ð23Þ

where qs and f s is the reinforcement ratio and the tensile strength
of the reinforcing bars,respectively. PL and PR are the circumference
of the middle slice surface of the left and right sections,
respectively:

PL ¼ 1
2 p dþ h� tan hð Þ þ 2h� tan k½ � ðaÞ

PR ¼ 1
2 p dþ h� tan hð Þ þ 2� pð Þh� tan k½ � ðbÞ

(
ð24Þ

Based on assumption (5), the tensile failure energy of reinforc-
ing bars ERL and ERR can be obtained by combining the failure strain
of the reinforced concrete structure in Eq. (12) and the relationship
between the limit displacement and failure strain in Eq. (13):

ERL ¼
Rxmax

0 FsLdx ¼ R ef h�
0 PLhqsf s sin cdx ðaÞ

ERR ¼ Rxmax

0 FsRdx ¼ R ef h�
0 PRhqsf s sinwdx ðbÞ

8<
: ð25Þ

To simplify the expression of the tensile failure energy of rein-
forcing bars, an influencing parameter, Q ¼ pHqsf sef , is defined for
the effect of reinforcing bars. Thus, E3R can be expressed as

E3R ¼ ERL þ ERR ¼ 1
2Qd sin cþ sinwð Þh�þ

1
2Q tan h sin cþ sinwð Þ þ tan k 2

p sin cþ 2�p
p sinw

� �� 

h�2

ð26Þ

An equivalent resistance constant c1 ¼ c
cos2 gþ0:5dmaxð Þ, for oblique

penetration, and a penetration parameter, P ¼ pd2
4 Sfc þ N�qV2

1

� �
,

for the tunneling stage, are defined. Substituting Eqs. (2), (3), (6),
(10), (18), and (26) into Eq. (1), we can obtain the total energy dis-
sipation of oblique perforation process.

2.5. Oblique perforation of a concrete slab

For the scenario of a projectile oblique perforation of a concrete
slab, qs ¼ 0 and Q ¼ 0. The total energy dissipation of oblique per-
foration of a concrete slab can be simplified to

E ¼ 1
2 c1 h� h�ð Þ2 þ 1

2B sL þ sR½ �h�2

þ 1
2 I sL þ sRð Þ þ J 2sLþ 2�pð ÞsR

p

� �h i
h�3

þ 1
2mbV

2
b; x 2 0; kd½ � ðaÞ

E ¼ 1
2 c1k

2d2 þ P h
cos gþdð Þ � h�

cos gþdð Þ � kd
� �

þ 1
2 I sL þ sRð Þ þ J 2sLþ 2�pð ÞsR

p

� �h i
h�3

þ 1
2B sL þ sR½ �h�2 þ 1

2mbV
2
b; x 2 kd;þ1ð Þ ðbÞ

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð27Þ

2.6. Normal perforation of a reinforced concrete slab

For the scenario of a projectile normal perforation of a rein-
forced concrete slab, the initial oblique angle and angular direc-
tional change are both equal to zero, namely g ¼ 0 and d ¼ 0.
The velocity component in the horizontal direction is also set
to zero, meaning the shape of the horizontal direction of the
shear plugging is axi-symmetrical, i.e., c ¼ w ¼ h. The equivalent
stress parameters of the shear plugging surface for the left-side

and right-side are considered to be equal, i.e., sL ¼ sR ¼ pf cffiffi
3

p
cos2 h

.

The equivalent resistance constant c1 is set equal to c. The term
tan k and the dimensionless parameter J are both set to zero.
Therefore, the total energy dissipation of this scenario can be
expressed as

E¼ 1
2c h�h�ð Þ2þ IsLh�3þ 1

2mbV
2
bþQdsinhh�

þ BsLþQ sinhtanhð Þh�2
; x2 0;kd½ � ðaÞ

E¼ 1
2ck

2d2þP h�h� �kdð Þþ IsLh�3

þ BsLþQ sinhtanhð Þh�2þQdsinhh�

þ1
2mbV

2
b; x2 kd;þ1ð Þ ðbÞ

8>>>>>>>>>>><
>>>>>>>>>>>:

ð28Þ

2.7. Normal perforation of a concrete slab

For the scenario of a projectile normal perforation of a concrete
slab, the reinforcement ratio and reinforcing bars influencing
parameters are set to zero, i.e., qs ¼ 0 and Q ¼ 0. Therefore, the
total energy dissipation of this scenario can be expressed as

E ¼ 1
2 c h� h�ð Þ2 þ IsLh�3 þ BsLh�2

þ 1
2mbV

2
b; x 2 0; kd½ � ðaÞ

E ¼ 1
2 ck

2d2 þ P h� h� � kdð Þ

þIsLh�3 þ BsLh�2 þ 1
2mbV

2
b; x 2 kd;þ1ð Þ ðbÞ

8>>>>>>><
>>>>>>>:

ð29Þ
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3. Experiments of projectile perforation of thick concrete and
reinforced concretes slabs

As stated in the introduction, few experiments have been
reported for the scenario of high initial impact velocity for large
projectile masses. Moreover, few experimental studies focus on
the height of the rear crater. Hence, perforation experiments of
thick concrete and reinforced concrete slabs with normal projectile
with high velocity (> 1000m=s) were performed for four concrete
slabs and four reinforced concrete slabs.

3.1. Projectiles and slabs

Fig. 4 shows the projectile used in the test. The material and
geometric parameters of the projectile are shown in Table 1. The
size of the concrete slab is 2:0 m� 2:0 mm� 1:0 m(in the impact
direction), as plotted in Fig. 5. Four layers of reinforcing bars with
each layer having 10 bars spaced 200mm apart distributed in the
reinforced concrete slab. The mesh size was 200� 200� 280 mm
for the reinforcing bars, as shown in Fig. 6. The densities of the con-
crete and reinforced concrete slabs were q ¼ 2440 kg=m3 and
q ¼ 2520 kg=m3, respectively.

When pouring each concrete target, three standard concrete
specimens of the same batch were poured separately, with a total
of 24. Before the experiment, the compressive strength was tested
after 28 days of natural curing which is the same as the targets, and
the average value was f c ¼ 50:0 MPa.

3.2. Experimental setup

Fig. 7 shows the schematic view of the experimental setup. Four
high-speed cameras were set up to capture the penetration pro-
cess. Two high-speed cameras were used to capture the destruc-
tion process of the front face of the slab and the initial impact
velocity with the background panels, which had standard dimen-
sion stripes; other two high-speed cameras were used to capture
the destruction process on the rear face of the slab.

3.3. Experimental results

The perforation process of the projectile captured by the high-
speed cameras is shown in Fig. 8. All the projectiles penetrated into
the targets almost perpendicularly, so the values of g are equal to 0
for the present tests. Projectile #1 did not perforate the concrete
slab when the impact velocity was 950 m/s. However, a shear plug-
ging was formed on the rear face of the concrete slab and the pro-
jectile lodged in the concrete slab, from which it can be inferred

that the ballistic limit of the concrete slab is slightly larger than
950 m/s. Specimens #2 and #3 were completely destroyed in the
test, so the size of the shear plugging could not be measured. The
size of the concrete slab is too small for the velocities exceeding
1400 m/s. Projectiles #5#8 both perforated the reinforced con-
crete slabs and all slabs were not completely destroyed even if
the initial impact velocity was greater than 1400 m/s, which indi-
cates that the reinforcement has a certain anti-penetration effect
and can effectively maintain the integrity of the slabs. After perfo-

Fig. 4. Experimental projectile.

Table 1
Material and geometrical parameters of the projectile.

Material Yield strength (MPa) m (kg) d (m) CRH l k N�

7PCrNi3MoV 835.0 9.7 0.1 1.2 0.1 1.707 0.249

Fig. 5. Concrete slab.

Fig. 6. The layout of the reinforcing bars.
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ration, the slabs showed three stages: initial cratering stage, tun-
neling stage and shear plugging stage.

Detailed measurements of the slabs are shown in Table 2. A
subset of the experimental results is shown in Fig. 9.

4. Results and discussions

The main parameters for evaluating the failure characteristics of
a rigid projectile perforation of a reinforced concrete slab are the
residual velocity, ballistic limit and residual thickness, which can

be obtained by the present method based on energy methods. As
stated in the introduction, most experiments tested a single
parameter: the ballistic limit or residual velocity, and few experi-
ments tested residual thickness. Therefore, all predictive parame-
ters of the present model, i.e., the residual velocity, ballistic limit,
and residual thickness, cannot be simultaneously validated by
one set of experimental data. Thus, the residual thickness as a per-
foration performance parameter is used for verification based on
own experiments. The other two parameters are verified using
the individual published experimental data.

Fig. 7. Schematic view of experimental setup.

Fig. 8. The perforation process of projectile capture by the high-speed cameras.
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4.1. Residual thickness

The thickness h� can be calculated based on the principle of
minimum energy

dE
dh� ¼ 0 ð30Þ

Assuming that the shear plugging is horizontally ejected after it
is separated from the concrete. According to the distribution of
concrete fragments behind the slab, the velocity of the shear plug-
ging can be estimated to be about 6 m/s. In this section,the values
of g are equal to 0 in the theoretical analyses for the present tests.
Furthermore, Table 3 shows the theoretical predictions of residual
thickness with different velocities of the shear plugging. For this
experimental scenario, the comparisons of the residual thicknesses
at different velocities of the shear plugging indicate that the influ-
ence of the velocity on the shear plugging is small, with the max-
imum difference within 10%. Hence, for the scenario with high
residual velocity of the projectile and rough engineering calcula-
tion, the kinetic energy of the shear plugging can be neglected,
greatly simplifying calculation and improving calculation effi-
ciency. In the subsequent analyses presented in this paper, the
residual velocity of the shear plugging in the literature could not
be obtained, and the previous analysis showed that the influence
was small. Therefore, the influence of the kinetic energy of the
shear plugging was ignored when compared with other published
experimental data.

Specimens #1 to #4 in the experiments presented in Section 3
were concrete slabs. The present model employed tan h ¼ 2:3 for
concrete slabs according to experimental data. The theoretical
results of the residual thickness of concrete slabs obtained by the
present model had a good agreement with the experimental data,
and the errors are both less than 10.0 % of the experimental data, as
shown in Fig. 10.

Table 2
Experimental data.

Specimens Impact velocity (m/s) Perforated Open pit depth (mm) Tunnel length (mm) Residual thickness (mm)

#1 qs ¼ 0:0% 950 � 305 345 350
#2 qs ¼ 0:0% 1438 U – 255 –
#3 qs ¼ 0:0% 1400 U – 260 –
#4 qs ¼ 0:0% 1300 U 310 280 410
#5 qs ¼ 0:2% 1481 U 290 340 370
#6 qs ¼ 0:2% 1283 U 300 360 340
#7 qs ¼ 0:2% 1428 U 310 330 360
#8 qs ¼ 0:2% 1360 U 300 350 350

Fig. 9. Typical experimental results of the perforation of concrete and reinforced concrete slabs.

Table 3
The theoretical predictions of residual thickness with different velocities of the shear plugging.

Specimens Impact velocity (m/s) Residual thickness (mm) Maximum differencea

0 m/s 6 m/s 10 m/s 20 m/s

#4 1300 455.1 453.2 448.5 423.3 6.98%
#5 1481 340.4 338.4 331.9 315.7 7.25%
#6 1283 305.9 302.1 296.9 282.2 7.75%
#7 1428 330.7 327.8 321.4 306.6 7.29%
#8 1360 319.5 318.6 309.8 294.8 7.73%

a The maximum difference is defined as the difference between the minimum and maximum prediction.

Fig. 10. Comparison of theoretical prediction results of residual thickness of
concrete slab with experimental data.
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The residual thickness and ballistic limit of the concrete slab
predicted by the present model are 388.3 mm and 1115.0 m/s,
respectively. These results are in good agreement with the experi-
mental data of specimens #1 in Section 3.3. The damage area on
the rear face of the concrete slab can be calculated by predicting
the residual thickness based on the geometry of the shear plugging.

D� ¼ dþ 2h� tan h ð31Þ
The residual thickness of the specimens #2 and #3 can be pre-

dicted as larger than 2.0 m by the present model, which indicate
that the concrete slab is completely destroyed, which is consistent
with the experimental results.

Specimens #5 to #8 in the experiments presented in Section 3
were reinforced concrete slabs, in which the reinforcement ratio
was qs ¼ 0:2% and the tensile strength of reinforcing bars was

f s ¼ 500 MPa. The present model employed tan h ¼ 2:5 for rein-
forced concrete slabs according to the experimental data. Fig. 11
shows the comparison of theoretical prediction results of residual
thickness of reinforced concrete slab with experimental data, and
the errors are within 12.0%.

The residual thickness and ballistic limit of the reinforced con-
crete slab predicted by the present model are 313.3 mm and
1195.0 m/s, respectively. The corresponding predicted result by
the model of Chen et al. [24] are 90.0 mm and 810.3 m/s, respec-
tively. These results show that the results predicted by the present
model agree better with the experimental data than those by Chen
et al.s model [24] for the residual thickness. Moreover, the residual
thickness is independent of initial impact velocity and determined
by the geometric configuration of perforation for the model of
Chen et al. [24]. Thus, the residual thickness is a constant for a
given projectile and target. In the present model, the residual
thickness, which is obtained by the energy method, is related to
the initial impact velocity. It indicates that the residual thickness
changes with the initial impact velocity, which is more consistent
with the actual situation.

4.2. Ballistic limit

The initial velocity and the residual thickness are defined as VBL

and h�
BL, respectively, for the ballistic limit scenario. In this scenar-

io, the total energy dissipation will be equal to the kinetic energy of
the projectile. Combining with the Eq. (30), VBL and H�

BL can be
determined by solving the following:

1
2mV2

BL � EBL ¼ 0
dEBL
dh�BL

¼ 0

(
ð32Þ

The ballistic limit of rigid projectiles penetrating reinforced
concrete slabs under various reinforcement ratios are reported in
Ref. [26]. The geometric parameters for the concrete and projectile
are shown in Table 4. All the projectiles penetrate into the targets
perpendicularly, so the values of g are equal to 0 for these tests.
The half-cone angle of the shear plugging was not mentioned in
Dancygiers [26] tests. The present model employed tan h ¼ 4:0
based on another test of Dancygiers [8].

The ballistic limit is defined as the condition when the projectile
is stuck in the reinforced concrete slab [37], so the ballistic limit is

Fig. 11. Comparison of theoretical prediction results of residual thickness of
reinforced concrete slab with experimental data.

Table 4
The geometric parameters for the concrete and projectile of Dancygier’s tests [26].

q (kg/m3) m (kg) d (m) CRH l k N�

2300 0.165 0.025 3 0.0421 2.107 0.113

Table 5
Comparison of theoretical prediction results of ballistic limit with experimental data and the model of Chen et al. [24].

Specimens Concrete Reinforcement Test data (m/s) Present model The model of Chen et al. [24]

H mmð Þ f c MPað Þ qs %ð Þ f s MPað Þ Unperforated Perforation limit tan h ¼ 4:0

A4-5-R 50 35 0.16 382 140 – 158 177.6 182.5
A3-5-R 50 35 0.36 382 159 165 – 177.72 185.5
A8-5-R 50 39 0.49 316 160 – – 184.5 192.1
A2-5-R 50 35 0.71 183 209 222 – 177.7 185.2
A7-5-R 50 39 0.92 316 171 – – 184.8 197.0
A5-5-R 50 39 1.82 534 202 – 221 186.0 217.4
A6-5-R 50 35 1.82 473 – – 191 179.2 209.5
A4-6-R 60 39 0.12 382 228 – – 226.6 238.8
A3-6-R 60 35 0.29 382 208 – 224 218.6 234.4
A2-6-R 60 35 0.57 183 – 232 242 218.6 234.1
A5-6-R 60 39 0.46 534 – – 279 227.0 266.9
A6-6-R 60 35 0.46 473 – 236 248 218.8 257.7
B11-5-R 50 35 0.20 650 – – 147 177.7 185.2
B12-5-R 50 34 0.20 600 126 – 141 175.9 183.3
B13-5-R 50 35 0.20 450 146 – 219 177.6 183.6
B22-5-R 50 34 0.99 600 181 210 251 176.9 200.2
B51-5-R 50 34 0.15 650 157 – 158 175.9 182.4
B52-5-R 50 34 0.26 600 148 – 159 176.0 184.7
B53-5-R 50 35 0.61 450 158 – 165 178.0 190.7
B55-5-R 50 34 0.61 650 157 162 253 176.5 193.6
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difficult to obtained. Hence, most experimental data of ballistic
limit tests are around the ballistic limit. Table 5 shows the compar-
ison of theoretical prediction results of ballistic limit with experi-
mental data and Chen et al.s model [24]. The ballistic limit of the
theoretical predictions by the present model is mostly within that
of the experimental data. The fluctuation range of the ballistic limit
predicted by the theoretical model predicts fluctuation range as
being smaller than experimentally obtained values; the reason
for this is that the theoretical model is ideal and is not interfered
with by external factors. The prediction results by the present
model are slightly smaller than by the model of Chen et al.s [24].
The difference between the two models is that the plug is sepa-
rated from the surrounding material as soon as the shear failure
criterion is satisfied along the plug surface in Chen et al.’s model
[24], but in the present model the plug is separated from the sur-
rounding material with the process of compression and shearing.

4.3. Residual velocity

Combining Eqs. (29) and (30), the total dissipation energy can
be obtained. Based on the energy conservation principle, the resid-
ual velocity can then be calculated as follows:

V r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2

0 � 2E=m
q

ð33Þ
The Protective Technology Research Center at Nanyang Techno-

logical University [38] conducted projectile oblique perforation
tests of thick concrete slabs with an initial oblique angle of
g ¼ 30�, and measured the residual velocity. The geometric param-
eters for the concrete and projectile were shown in Table 6. Based
on the experimental results, tan h ¼ 2:60, was adopted in the pre-
sent model for the concrete slab.

Fig. 12 shows that the prediction of the projectile residual
velocity using the present model agrees well with the experimen-
tal data for various thicknesses of concrete slabs. As the thickness
of the slab and initial impact velocity increases, the theoretical pre-
dictions agree more closely with the experimental data.

Buzaud [39] conducted the tests of projectile oblique perfora-
tion of thin concrete slabs with an initial oblique angle of
g ¼ 30�, and measured the residual velocity. The geometric param-
eters for the concrete and projectile were shown in Table 7. The
present model employed tan h ¼ 3:0 for concrete slabs according
to the experimental data. Fig. 13 shows that the prediction of the
residual velocity of thin concrete slabs using the presented model
is close to the experimental data.

Comparing the prediction results by the present model and the
Chen et al. model [21] shows that the present model prediction of
the residual velocity is closer to the experimental data, and the
error is slightly smaller than that of the model of Chen et al. [21].
However, when the initial impact velocity of the projectile is
slightly higher than the ballistic limit, the predicted result is differ-
ent from the experimental data. The reason is that the effect of the
plug kinetic energy was not considered in the present model.

4.4. Parametric analysis of failure characteristics

Based on the PTRC-NTU tests, the present model is utilized to
predict the residual thickness impacted at different initial impact
velocities. The initial oblique angle of g ¼ 30�. Fig. 14 shows that

h� increases with V0, while the increase rate of h� decreases with
the increase of f c. It is indicated that the initial impact velocity
has a lower influence on the concrete slab with a higher compres-
sive strength. That means that the residual thickness of a concrete
slab with low compressive strength is more sensitive to the initial
impact velocity.

Fig. 15 shows the theoretical results of the changes in VBL versus
f c for various thicknesses of concrete slabs. VBL increases with
increasing f c, while the increase rate of VBL gradually decrease.

Table 6
The geometric parameters for the concrete and projectile of Fans tests [38].

q (kg/m3) f c (MPa) h (m) m (kg) d (m) CRH l k

2280 42.0 0.25, 0.30, 0.40, 0.55 0.165 0.025 3.0 0.0421 2.107

Fig. 12. Predictions of the projectile residual velocity compare with Fans experi-
mental data in various thicknesses of concrete slabs.

Table 7
The geometric parameters for the concrete and projectile of Buzauds tests [39].

q (kg/m3) h (m) f c m (kg) d (m) CRH l k

2336 0.60 40.0 79.5 0.16 6.0 0.317 2.69

Fig. 13. Predictions of the projectile residual velocity compared with Buzauds
experimental data.
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Fig. 16 presents the predictions of the changes in h� with f c of
the concrete slab for different slab thicknesses. The increase of f c
leads to a decrease of h�. However, the decrease rate of the h� grad-
ually decreases as f c increases.

Based on the PTRC-NTU tests, the effect of reinforcing bars was
considered, and the corresponding tensile strength was set to
f s ¼ 500 MPa . Fig. 17 shows the predictions of the ballistic limit
of the slab with different reinforcement ratios. The reinforcement

ratio qs has a slight influence on the ballistic limit, which increases
almost linearly with the increase of the reinforcement ratio.

The residual thickness is predicted for the slab with different
reinforcement ratios and given in Fig. 18. The reinforcement ratio
qs has a slight influence on h�, and the largest decrease is
11 mm; h� is almost linearly related with qs. However, the rate
of the decrease of h� increases with the slab thickness, which sug-
gests that the reinforcement ratio has more influence on thick rein-
forced concrete slabs.

5. Conclusion

The current, relatively successful theoretical models of perfora-
tion are limited to concrete slabs with normal perforation, and
these models only focus on one penetration parameter: the ballis-
tic limit or residual velocity. Very little theoretical analysis has
been performed on the residual thickness of the cone shear or obli-
que perforation of a reinforced concrete slab.

In this paper, the failure characteristics of a rigid projectile per-
foration of a reinforced concrete slab have been theoretically inves-
tigated. A failure analytical model was constructed to assess the
characteristics of a reinforced concrete slab under oblique perfora-
tion by a rigid projectile using the energy method. Thus, analytical
expressions of failure characteristics (residual thickness, ballistic
limit, residual velocity) of a reinforced concrete slab are obtained.
Projectile perforation experiments of concrete and reinforced con-
cretes slabs were conducted, and the experimental data were com-
pared with the theoretical model. The results predicted by the
theoretical model closely agreed with the experimental data. Fur-

Fig. 14. Relationship between the residual thickness and the initial impact velocity.

Fig. 15. Relationship between the ballistic limit and the concrete compressive
strength.

Fig. 16. Relationship between the residual thickness and the concrete compressive
strength.

Fig. 17. Relationship between the ballistic limit and the reinforcement ratio.

Fig. 18. Relationship between the residual thickness and the reinforcement ratio.
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thermore, the effects of key parameters, i.e., the initial impact
velocity, concrete compressive strength, and reinforcement ratio,
on the failure characteristics of a rigid projectile perforation of a
reinforced concrete slab were obtained. Some conclusions are
obtained and listed in the following:

(1) The results predicted by the present model closely agreed
with the experimental data, indicating that the proposed ana-
lytical model based on energy methods was effective in obtain-
ing the failure characteristics of a rigid projectile perforation of
a reinforced concrete slab;
(2) The comparison results show that the result predicted by
the present model agree better with the experimental data than
that predicted by Chen et al.s model for the residual thickness.
In the present model, the residual thickness is related to the ini-
tial impact velocity, which is more consistent with the actual
situation. This proves that the present model, based on energy
methods, is reasonable and effective;
(3) The residual thickness and velocity increased with the ini-
tial impact velocity, while the increase rate of the residual
thickness and velocity are gradually increased and decreased,
respectively;
(4) The ballistic limit and residual thickness increased and
decreased, respectively, with increasing concrete compressive
strength, whereas the corresponding increase and decrease rate
both decreased gradually;
(5) The effects of the reinforcement ratio on the perforation
performance are much smaller than the initial impact velocity
and concrete compressive strength. However, the effect of the
reinforcement ratio on thick concrete slabs was more evident
than on thin reinforced concrete slabs.
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