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Abstract: In the study, a coupled line trans-directional (CL-TRD) coupler that allows for equal complex termination impedances
with arbitrary power divisions is presented. It is composed of two pairs of coupled lines with an overall electrical length of 90°,
two types of shunt capacitors and three pairs of short-circuited stubs. By adjusting the electrical length of each short-circuited
stub, as well as the values of the shunt capacitors, arbitrary equal complex termination impedances and power divisions are
achieved. Moreover, since capacitors are shunted between the coupled lines, the proposed CL-TRD coupler has an inherent
feature of dc blocking. Design equations for the CL-TRD were derived using even–odd mode decomposition analysis. To
validate the theory, several numerical examples extracted from the design procedure were listed. Eventually, two prototypes of
the proposed CL-TRD coupler are fabricated, and experiments are carried out. The measured results indicate that the coupler is
able to realise arbitrary power divisions for equal complex termination impedance with good matching and isolation.

1 Introduction
Quadrature couplers [1–3], which exhibit two 90° phase-difference
outputs with perfect isolation and all ports matched, are frequently
used in radio frequency and microwave systems, such as mixers,
amplifiers [4], and beamforming networks [5, 6]. Depending on the
relative location of the isolated port to the input port, directional
couplers are categorised into three types, namely, co-directional
(COD), contra-directional (CTD), and trans-directional (TRD) [7].
One of the implementations for the TRD coupler is by using
periodically capacitor shunted coupled lines, which is called the
coupled line TRD (CL-TRD) coupler [8]. Compared with the COD
coupler (branch-line coupler for instance), the CL-TRD coupler
features small footprints and wide bandwidth. While in comparison
with the CTD coupler (e.g. coupled-line coupler), the CL-TRD can
achieve tight coupling with weak coupled micro-strip lines. In
addition, the CL-TRD coupler can allow decoupling the direct
current patch between input and output ports, which makes
connections with active circuits easier, eliminating some off-chip
biasing circuits. Recently, improvements in CL-TRD coupler
performances have been reported that are high directivity [9], size
reduction [10], and different power divisions [11]. Several methods
have also been studied on improving the performance of other
microwave components by using the CL-TRD coupler, e.g.
compact planar balun [12], rat–race coupler with an adjustable
power dividing ratio [13], and miniaturised Schiffman phase shifter
[14]. Nowadays, the function extensions of the CL-TRD coupler
have been focused, including frequency tunable [15] and coupling
reconfigurable [16].

With the advent of modern wireless communication technology,
a substantial reduction in mass and volume is required by the
communication systems. Two methods for the reduction are
adopted. Reduce the size of each component itself [17, 18], or
control the termination impedances of the components to decrease
the total size of microwave-integrated circuits [19–22]. The
termination impedances are, in general, of arbitrary real values, but
if they are complex, the size reduction effect may be far more
intensified because the input impedances of the power amplifiers or
antennas are not always real [23]. In [24,25], branch-line couplers
with one group of equal complex termination impedances are
introduced. However, since these couplers [24, 25] belong to the

COD coupler and are implemented by branch lines, they inherit the
big footprint and narrow bandwidth of branch line couplers. Up to
now, couplers with all ports terminated with complex impedances
have not been reported.

In this study, a compact CL-TRD coupler with equal complex
termination impedances and arbitrary power divisions is proposed.
It is composed of coupled lines, shunt capacitors and short-
circuited stubs. Since the shunt capacitors are loaded between the
coupled line sections, the proposed CL-TRD coupler has an
inherent feature of dc blocking and is possible to be realised on a
single printed circuit board layer. In Section 2, the mathematical
analysis of the proposed CL-TRD coupler is derived by the even–
odd mode decomposition technology and the design equations are
provided to calculate the circuit parameters. In Section 3, two
prototypes were designed, fabricated and measured using the
design formulas. One of them has an equal complex termination
impedance of (40 − j20) Ω and has a coupling of 3 dB, while the
other is terminated in equal complex impedances of (60 − j30) Ω
with 6 dB coupling. The measured results are given and the
applications are also discussed, whereas, the concluding remarks
appear in Section 4.

2 Theoretical analysis
Fig. 1 depicts the schematic diagram of the proposed CL-TRD
coupler terminated in equal complex impedances of ZL, ZL = RL + 
jXL, where RL should be greater than zero, while XL is a real
number including zero. The CL-TRD coupler is composed of two
pairs of coupled lines with the overall electrical length of 90°, two
types of shunt capacitors and three pairs of short-circuited stubs.
The even- and odd-mode characteristic impedances of the coupled
lines are denoted as Z1e and Z1o, respectively, while each pair of
the coupled line has an electrical length of θ1. One type of
capacitor named as C1 is shunted between two ends of the coupled
lines, while the other capacitor C2 is loaded between the middle of
the coupled lines. Shunt short-circuited stubs with an electrical
length of θ2 are tapped to the two ends of the coupled lines. The
middles of the coupled lines are tapped with short-circuited stubs
having an electrical length of θ3. The characteristic impedances for
the three pairs of short-circuited stubs are identically defined as Z1.
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Without loss of generally, if port 1 is designated as the input port,
ports 3 and 4 are the coupled and through outputs, individually, and
port 2 is the isolated port. 

2.1 Design equations

Since the structure is symmetric across the horizontal axis, even–
odd mode decomposition technique is utilised for analysing with
the half circuits shown in Fig. 2. The scattering parameters (S11,
S21, S31, and S41) of the CL-TRD coupler can be determined using
reflection and transmission coefficients of the even- and odd–mode
circuits [26]

S11 = 1
2(Γe + Γo), (1a)

S21 = 1
2(Te + To), (1b)

S31 = 1
2(Γe − Γo), (1c)

S41 = 1
2(Te − To) . (1d)

In view of equal complex termination impedances, the Γ(e,o) and
T(e,o) can be expressed using the ABCD parameters as

Γe = AeZL + Be − CeZL
∗ ZL − DeZL

∗

AeZL + Be + CeZL
2 + DeZL

, (2a)

Γo = AoZL + Bo − CoZL
∗ ZL − DoZL

∗

AoZL + Bo + CoZL
2 + DoZL

, (2b)

Te = 2Re(ZL)
AeZL + Be + CeZL

2 + DeZL
, (2c)

To = 2Re(ZL)
AoZL + Bo + CoZL

2 + DoZL
. (2d)

Referring to Fig. 2, the even- and odd-mode ABCD matrices of the
proposed CL-TRD coupler are obtained as

A(e, o) = cos 2θ1(e, o) − Z1(e, o)b2(e, o)

2 sin 2θ1(e, o)

+Z1(e, o)
2 b1(e, o)b2(e, o)sin2 θ1(e, o)

−Z1(e, o)b1(e, o)sin 2θ1(e, o),

(3a)

B(e, o) = jZ1 e, o
sin 2θ1(e, o)

−Z1(e, o)b2(e, o)sin2 θ1(e, o)
, (3b)

C(e, o) = j
Z1(e, o)

2Z1(e, o)b1(e, o)cos 2θ1(e, o)

−Z1(e, o)
2 b1(e, o)

2 sin 2θ1(e, o) + sin 2θ1(e, o)

+Z1(e, o)b2(e, o)cos2 θ1(e, o)

−Z1(e, o)
2 b1(e, o)b2(e, o)sin 2θ1(e, o)

+Z1(e, o)
3 b1(e, o)

2 b2(e, o)sin2 θ1(e, o)

, (3c)

D(e, o) = A(e, o), (3d)

where

b1e = − Y1cot θ2, (4a)

b2e = − Y1cot θ3, (4b)

b1o = 2ωC1 − Y1cot θ2, (4c)

b2o = 2ωC2 − Y1cot θ3 . (4d)

To achieve TRD operation, as well as all-ports ideal matching (S11 
= S22 = 0), and perfect isolation (S21 = 0), the following
mathematical relations must be satisfied:

Γe = − Γo, (5a)

Te = − To . (5b)

Then, the power division ratio k (|S31|/|S41|) of the proposed CL-
TRD coupler can be expressed:

k = AeZL + Be − CeZL
∗ ZL − DeZL

∗

2RL
. (6)

2.2 Parameter analysis

For compactness, the characteristic impedances of the short-
circuited stubs (Z1) are assigned to be equal with the even-mode
characteristic impedance of the coupled lines Z1e, and the phase
coupling of the coupled lines is ignored. Since the overall length of
the coupled lines is 90°, θ1 is found to be 45°, and θ1e = θ1o = θ1 = 
45°. Using the aforementioned conditions and substituting even-
mode of (3) into (6), the expressions of Z1e as functions of θ2 and
θ3 are derived, as revealed in (7)

Z1e
2 1 + cot θ3

2 + Z1eXL

2cot θ2 + cot θ3

+cot θ2cot θ3 − 2kRL
XL

− RL
2 + XL

2
1 − cot θ3

2 − cot θ2cot θ3

−cot2 θ2 − cot2θ2cot θ3

2

= 0.

(7)

It is observed from (7) that the curves of Z1e versus θ3 with
different values of θ2 can be plotted, and the values of Z1e can be
determined with proper values of θ2 and θ3.

Fig. 1  Schematic of the proposed CL-TRD coupler with complex
termination impedances of ZL

 

Fig. 2  Equivalent sub-circuits of the proposed CL-TRD coupler with
complex termination impedances of ZL
(a) Even-mode, (b) Odd-mode
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Then, according to (5), the relations among even- and odd-
mode ABCD matrices are found:

AeRL − 2CeRLXL + DeRL = − AoRL + 2CoRLXL − DoRL, (8a)

2AeXL + Be + Ce RL
2 − XL

2 = − 2AoXL − Bo − Co RL
2 − XL

2 ,(8b)

2AeXL + Be − Ce RL
2 + XL

2 = 2AoXL + Bo − Co RL
2 + XL

2 . (8c)

Solving the three formulas in (8) simultaneously, the odd-mode
characteristic impedance (Z1o) can be calculated:

Z1o = 1 − g2

g1 + 2ωC1 − Y1cot θ2 1 − g2
, (9a)

g1 = CeXL
2 − 2AeXL − Be

RL
2 , (9b)

g2 = g1XL − Ae + CeXL . (9c)

Since the parameters (Ae, Be, Ce, De) in the even-mode ABCD
matrix can be calculated with obtained Z1e, θ2 and θ3, the value of

Z1o is varied with the capacitor C1. Thus, Z1o can be determined
when a suitable value of C1 is chosen.

Finally, the value of capacitor C2 can be obtained using the
following equation:

C2 = 1
ω

g2 + Z1o 2ωC1 − Y1cot θ2

Z1o Z1o 2ωC1 − Y1cot θ2 − 1 + Y1cot θ3

2 . (10)

3 Design examples and procedure
In this section, two CL-TRD couplers are designed at 1.6 GHz to
certify arbitrary power division and complex terminal impedances.
The first one is 3 dB coupling for ZL = (40 − j20) Ω, named as
coupler A, the second one is 6 dB coupling for ZL = (60 − j30) Ω,
named as coupler B. The selections of even-mode characteristic
impedance Z1e and the capacitor C1 will be investigated. The
design procedure will also be provided.

3.1 Design of coupler A

According to the design requirements of coupler A (3 dB coupling,
ZL = 40 − j20 Ω), the values of k, RL and XL are 1, 40, and −20 Ω,
respectively. From (7), the curves of Z1e versus θ3 with different
values of θ2 can be plotted, as shown in Fig. 3. 

It is observed that the value of Z1e is increased along with θ3.
While with the increasing of θ2, the curve of Z1e becomes more
flatten. Considering size reduction, θ2 and θ3 are chosen as 45 and
50°, separately. The corresponding value of Z1e is 77.9 Ω.

Then, according to (9), the curve of Z1o versus C1 can be
obtained, as illustrated in Fig. 4. Since Z1o should be less than Z1e
for the condition of coupled lines, C1 is larger than 2.05 pF.
Besides, for designing edge-coupled lines, a lower ratio of even- to
odd-mode impedances is more favourable because the linewidth
and gap required for fabrication are wider. Considering the
fabrication constraints, Z1o is chosen as 50.3 Ω, and the
corresponding C1 is 2.4 pF. Finally, C2 is calculated as 2.92 pF
from (10). 

3.2 Design of coupler B

For coupler B, the coupling is 6 dB and the terminal impedance is
ZL = 60 − j30 Ω. Thus, k = 0.58, RL = 60 Ω, and XL = -30 Ω. Fig. 5
shows the curves of Z1e versus θ3 with different values of θ2. In
this design, θ2 and θ3 are chosen as 50° and 60°, respectively, the
calculated value of Z1e is 91.8 Ω. Fig. 6 reveals the curve of Z1o
versus C1. In view of the fabrication limitation, Z1o is chosen as 61 
Ω, the corresponding values of C1 and C2 are 1.6 and 2.78 pF. 

In summary, the design procedure of the proposed CL-TRD
coupler is listed as below:

i. Step 1: Specify the power division ratio k and the complex
termination impedances ZL.

Fig. 3  Z1e versus θ3 with different values of θ2 (coupler A)
 

Fig. 4  Curve of Z1o versus C1 (coupler A)
 

Fig. 5  Z1e versus θ3 with different values of θ2 (coupler B)
 

Fig. 6  Curve of Z1o versus C1 (coupler B)
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ii. Step 2: According to (7), the curves of Z1e versus θ3 with
different values of θ2 is plotted, and Z1e can be determined
with proper values of θ2 and θ3.

iii. Step 3: From (9), it is observed that Z1o is a function of C1. In
view of fabrication constraints, the ratio of even- to odd-mode
impedances should be <2. Thus, proper Z1o is chosen, and the
corresponding value of C1 is obtained.

iv. Step 4: Substituting the known values into (10), C2 can be
calculated.

v. Step 5: Transform all the obtained parameters into physical
dimensions and carefully optimise the model in
electromagnetic (EM) simulation to obtain an improved
performance.

So far, the desired CL-TRD coupler with arbitrary power
divisions and complex terminal impedances is prepared to be
fabricated and tested based on the optimal dimensions.

3.3 Implementation and results

Using the aforementioned design theory and approach, several
cases with different power divisions for different complex
termination impedances were calculated in Table 1, including the
circuit parameters of couplers A and B. To validate the proposed
CL-TRD configuration, couplers A and B were implemented on
the F4B substrate having dielectric constant ɛr = 3.5, dissipation
factor tan δ = 0.003, substrate height = 1.5 mm. Fig. 7 shows the
layout and photograph of the fabricated prototype. The short-
circuited stubs are implemented by mender lines and the capacitors
are GRM 1555 series (Murata, monolithic ceramic capacitors). The
values of components and the main optimised dimensions of the
designed structure are given in Table 2. 

Since the couplers A and B are terminated in equal complex
impedance, it is hard to measure it directly with a 50 Ω
measurement system. To obtain the frequency responses with
complex impedances, the couplers are firstly welded with the 50 Ω
coaxial lines and then measured using 50 Ω termination
impedances. The measured results are converted into those with the
termination impedances by the Advance Design System with the
de-embed method. Figs. 8 and 9 show the simulated and measured
results for the couplers A and B, respectively. 

For the coupler A, it is revealed from Fig. 8 that the measured
input matching is 31.5 dB, and the output isolation is 36.3 dB at the
defined operation frequency f = 1.6 GHz, indicating that there are a
good return loss and high isolation in the fabricated prototype.
Under the criterion of return loss (RL) >15 dB and isolation (IO)
>15 dB, the operating bandwidth is from 1.36 to 1.74 GHz
(23.75%). Small performance degradation could be due to the
conductor loss, dielectric loss, fabrication errors or measurement
errors. The measured coupling and insertion loss of coupler A is
3.0 and 3.4 dB, respectively. For amplitude imbalance <1 dB, the
relative bandwidth is 21.25% (1.35–1.69 GHz). While from 1.36 to
1.73 GHz, the measured phase difference is 90° ± 5°.

Fig. 9 shows the simulated and measured results of the coupler
B with a complex impedance of 60 − j30 Ω. It is observed that 32.2
dB input match and 38.1 dB output isolation is measured at the
centre frequency. From 1.38 to 1.76 GHz, the measured return loss
and isolation are both >15 dB. The measured bandwidth defined by
6.0 ± 0.5 dB coupling between the output ports is from 1.39z to
1.66 GHz. Also, in this frequency range, the measured phase
difference is 90° ± 5°.

3.4 Application discussions

In this part, the applications of the proposed CL-TRD coupler will
be further discussed. Firstly, consider the antenna applications.
Since the input impedances (Za) of the power amplifier or low
noise amplifier are not always real, if the proposed CL-TRD
coupler is utilised, the amplifiers can be directly connected to the
coupler when setting Z = Za

∗. Also, the antenna will be designed
with an input impedance of ZL

∗ , as illustrated in Fig. 10. Thus, an
active antenna can be realised with small size, low loss, and better
performance. 

Secondly, consider the microwave applications. If the
termination impedances at ports 1 and 2 in Fig. 1 are denoted as Zs,

Table 1 Several cases of the proposed CL-TRD coupler
Coupling, dB ZL, Ω θ2, ° θ3, ° Z1e, Ω Z1o, Ω C1, pF C2, pF
3 60 − j30 40 55 115.5 71.0 1.6 1.81

40 − j20 45 50 77.9 50.3 2.4 2.92
40 + j20 80 80 82.3 50.9 2.4 1.65
60 + j30 80 70 107.4 72.6 1.6 1.09

6 60 − j30 50 60 91.8 61 1.6 2.78
40 − j20 50 70 73.4 47.3 2.4 3.53
40 + j20 90 80 65.1 44.5 2.4 3.02
60 + j30 80 80 88.1 44.1 2.0 2.80

12 60 − j30 50 80 83.7 47.1 1.8 4.55
40 − j20 45 80 49.1 32.3 2.7 5.87
40 + j20 100 80 53.9 31.5 2.7 6.60
60 + j30 90 80 74.4 48.3 1.8 3.96

 

Fig. 7  Fabricated proposed CL-TRD coupler
(a) Layout, (b) Photographs

 

Table 2 Values of components and the main optimised dimensions of the prototypes
Type Coupler A Coupler B Type Coupler A Coupler B
w1 1.9 mm 1.5 mm l4 6.2 mm 8.2 mm
w2 1.5 mm 1.0 mm l5 5.7 mm 3.4 mm
s1 0.8 mm 1.0 mm l6 2.75 mm 3.2 mm
l1 25.5 mm 29 mm C1 2.4 pF 1.6 pF
l2 2.75 mm 3.65 mm C2 3.0 pF 2.7 pF
l3 3.1 mm 3.6 mm rvia 0.35 mm 0.35 mm
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the study only investigates the case of Zs = ZL. In general, a coupler
with Zs = 50 Ω ≠ ZL is desired. For the proposed CL-TRD coupler,
this feature can be achieved simply by converting ZL

∗  to Zs = 50 Ω
by the method introduced in [23]. For example, if a 3 dB CL-TRD
coupler with Zs = 50 Ω and ZL = (40 − j20)Ω is wanted, a CL-TRD
coupler with equal termination impedances of ZL is firstly

designed, as shown in Fig. 11a. Then, a coupler with Zs = 50 Ω ≠ 
ZL is constructed by simply adding an open stub to ports 1 and 2,
as shown in Fig. 11b (the open stubs can be replaced by the
capacitors, which has no influence on the circuit size). Since both
CL-TRD couplers are designed at 1.6 GHz, all the circuit
parameters are expressed as the values at 1.6 GHz and the

Fig. 8  EM simulated and measured results of coupler
(a) Matching and isolation, (b) Transmission, (c) Phase differences

 

Fig. 9  EM simulated and measured results of coupler B
(a) Matching and isolation, (b) Transmission, (c) Phase differences
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capacitance value is that at 1.6 GHz as well. Fig. 12 shows the
simulated results of the two types. One is with equal complex
termination impedance (solid lines), and the other is with Zs = 50 
Ω ≠ ZL (line with symbol). It is observed that the results of the two
types of CL-TRD couplers are the same. Thus, the proposed
structure can be applied in microwave applications. 

4 Conclusions
In this study, a CL-TRD coupler with arbitrary power divisions for
equal complex termination impedances is proposed. Analytical
equations and rigorous design procedures are concluded as a
guidance to simplify the design process. For demonstration, two
experimental prototypes with 3 dB coupling for 40 − j20 Ω
terminal impedances and 6 dB coupling for 60 − j30 Ω terminal
impedances were fabricated and measured. The measured results
are in agreement with the simulated ones, which indicated that the
proposed structure can be utilised in microwave applications for
size reduction and integration.
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